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Abstract
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1 Key Learning Objectives

Key Content Points:

• Model Predictive Control Fundamentals

• Linear Time-Invariant Systems and Quadratic Costs

• Stability Issues

• Application to Vehicle Platooning

Key Learning Objectives - in conjunction with the practical:

• Understand the principles underpinning model predictive control

• Be able to design model predictive controllers and apply them to practical situations

• (optional) Understand how optimality of model predictive control ensures closed-loop stability
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2 Model Predictive Control and Receding Horizon Optimisation

Figure 1: Control loop comprising a state-feedback controller

Model Predictive Control (MPC), at times called Receding Horizon Control, is a very powerful state-
feedback control method.

• This technique can be used for a wide class of systems, e.g., exhibiting non-linear dynamics, with
input and state-constraints. System models can be deterministic or stochastic, or may even be
simulation-based

• The main idea consists in calculating the system input through an on-line optimisation.

Basic concepts

To fix ideas, we shall focus on a (deterministic) state-space model,

xk+1 = f(xk, uk), k ∈ N0, f(0, 0) = 0

with constrained states xk ∈ X ⊆ Rn and constrained inputs uk ∈ U ⊆ Rm

Consider a cost function of the form

J(xk, u⃗) =
N−1∑
ℓ=0

L(xk+ℓ|k, uk+ℓ|k) + F (xk+N |k) (1)
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J(xk, u⃗) =
N−1∑
ℓ=0

L(xk+ℓ|k, uk+ℓ|k) + F (xk+N |k)

This class of cost function examines predictions of the system model over a finite horizon of length N ,
as per:

xk+ℓ+1|k = f(xk+ℓ|k, uk+ℓ|k) ∈ X (2)

with xk|k = xk the (measured) system state, while the entries in

u⃗ ≜


uk|k
uk+1|k

...
uk+N−1|k

 ∈ UN (3)

are the associated plant inputs (to be designed/calculated).

In (2), the stage costs L(·, ·) can be used to penalise predicted state values and system inputs, whereas
F (·) can at times be be used to ensure closed loop stability.1 These functions, in conjunction with the
horizon length N , constitute the main design parameters of a model predictive controller. Often the
cost function is chosen to be quadratic, in which case:

L(x, u) = xTQx+ uTRu, F (x) = xTQFx

so that

J(xk, u⃗) =
N−1∑
ℓ=0

(
xTk+ℓ|kQxk+ℓ|k + uTk+ℓ|kRuk+ℓ|k

)
+ xTk+N |kQFxk+N |k (4)

In the above expressions, the matrices Q and QF are positive semi-definite (notation Q ≥ 0, QF ≥ 0)
and R is positive definite (notation R > 0). With this parameterisation of the cost function, one can
choose large values of the matrix Q in comparison to R if one wishes to drive the system state to
the origin quickly, at the expense of having to use large control inputs. Conversely, small values of Q
relative to R, will generally lead to slow state trajectories, but also only require small control actions.

More general choices of cost functions, are possible. The cost function should reflect what the designer
wants to achieve.

1This will be examined further in Section 4.
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Receding horizon optimisation
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Figure 2: Receding-horizon Optimisation

Minimization at time k and given xk gives the optimiser:

u⃗∗k =


u∗k|k
u∗k+1|k

...
u∗k+N−1|k

 ≜ argmin J(xk, u⃗); u⃗ ∈ UN ,

which depends on system dynamics, cost function, constraints and on the current system state.

Note that u⃗∗k contains values which could be used at the plant input over the entire horizon; from
current time k to k +N − 1. However, only the first element is used; i.e., one sets:

uk ←
[
Im 0m . . . 0m

]
u⃗∗k

uk ← u∗k|k

At the next time instant, k + 1, using the system state xk+1, the procedure is repeated, leading to

u⃗∗k+1 = argmin
u⃗∈UN

J(xk+1, u⃗)

and the plant input

uk+1 ←
[
Im 0m . . . 0m

]
u⃗∗k+1 = u⃗∗k+1|k+1
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Comments

1. Model predictive controllers can, in principle, be used for ‘any’ dynamical system model. It has
received considerable attention in both academia and industry.

2. Typically longer horizons N give better performance, since the longer-term impact of the current
decision uk is explicitly taken into account. However, often horizons of moderate length give
“near” infinite horizon optimal performance. This is illustrated in Figure 3.

3. For nonlinear system models typically numerical optimisation routines need to be used. Especially
for large horizons N , this may require significant computations.

4. MPC implicitly defines a state feedback control policy:

κ : X→ U
xk → uk = κ(xk)

5. Integral action can be included, e.g., by penalizing control increments, uk+ℓ+1|k − uk+ℓ|k, in the
cost function (2).

6. To ensure that state constraints (2) are satisfied, decision variables u⃗ may have to be constrained
to belong to a subset of U. When both state and input constraints are present, at times the
problem may become infeasible.

Figure 3: Effect of horizon length on achieved performance, when using model predictive control meth-
ods for signal coding. For more information, see [8].
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3 LTI Systems and Quadratic Cost

In the linear quadratic case, i.e. where the cost function is given by (4), the system dynamics satisfies
f(x, u) = Ax + Bu and the inputs and states are unconstrained (U = Rm, X = Rn), model predictive
control is equivalent to implementing the first element of the finite-horizon LQR optimizer.

Controller tuning

As an example, consider a vehicle of mass m = 1 moving in a one-dimensional space under the effect
of a time-varying force input u(t). This can be modelled as a double integrator system:

ẋ(t) =

[
0 1
0 0

]
x(t) +

[
0

1/m

]
u(t)

y(t) =
[
1 0

]
x(t).

(5)

In the above, the first element of the state corresponds to the vehicle position, whereas the second
element of x(t) amounts to its velocity. Position measurements are available.

A discrete-time model can be obtained, e.g., using a series expansion. This leads to

xk+1 =

[
1 ∆t
0 1

]
xk +

[
1
2(∆t)2

∆t,

]
uk

yk =
[
1 0

]
xk,

where ∆t is the sampling interval, so that xk = x(k∆t), etc.

Let us consider weighting matrices

Q = QF =

[
1 0
0 0

]
and R = ρI, where ρ > 0. Here the cost only involves the position state (which is the same as yk) and
the control action. Then, the cost can be rewritten as per:

J(xk, u⃗) =

N∑
ℓ=0

xTk+ℓ|kQxk+ℓ|k + uTk+ℓ|kRuk+ℓ|k

and ρ gives relative weighting of the output energy, say Jout, and the input energy, say Jin. These are
competing objectives. Ideally, both quantities should be small.

Figure 4 illustrates input and output trajectories when using a horizon N = 20 for two different values
of ρ.2 Larger ρ allow the designer to more significantly penalise control actions, leading to smaller
control actions and often slower convergence. More generally, the design parameter ρ allows one to
trade off input and output energies, see Figure 5.

2The initial state is taken as x0 =
[
1 0

]T
, The sampling interval is chosen as ∆t = 1.
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Figure 5: Empirical trade-off curve between input and output energies. The blue circle corresponds to
ρ = 0.3, whereas the red circle denotes a design with ρ = 10.
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Explicit solution

J(xk, u⃗) =
N−1∑
ℓ=0

(
xTk+ℓ|kQxk+ℓ|k + uTk+ℓ|kRuk+ℓ|k

)
+ xTk+N |kQFxk+N |k

Since xk+1 = Axk +Buk, state predictions are explicitly given by:

xk+ℓ|k = Aℓxk +
ℓ−1∑
j=0

Aℓ−j−1Buk+j|k

It is convenient to define

x⃗k =

xk+1|k
...

xk+N |k


so that

x⃗k = Φu⃗+ Λxk,

where:

Φ =



B 0 . . . . . . 0
AB B

A2B AB . . . . . .
...

...
...

...
...

...
...

...
...

... 0
AN−1B . . . AB B


and Λ =


A
A2

...
AN

 .

The cost function in (4) (with R = ρI) can be rewritten as per;

J(xk, u⃗) = xTkQxk + x⃗Tk Q̄x⃗k + ρu⃗T u⃗ = xTkQxk + (Φu⃗+ Λxk)
T Q̄(Φu⃗+ Λxk) + ρu⃗T u⃗

= xTk (Λ
T Q̄Λ +Q)xk + u⃗T (ΦT Q̄Φ+ ρImN )u⃗+ 2u⃗TΦT Q̄Λxk,

where Q̄ ≜ diag(Q, . . . , Q,QF ). To minimize J(xk, u⃗), we compute:3

∂J(xk, u⃗)

∂u⃗
= 2ΦT Q̄Λxk + 2(ΦT Q̄Φ+ ρImN )u⃗ = 0 =⇒ u⃗∗k = −(ΦT Q̄Φ+ ρImN )−1ΦT Q̄Λxk

Since ρ > 0, the Hessian is positive definite and the optimizer is given by the above.

3Note that
∂(u⃗TXu⃗)

∂u⃗
= 2Xu⃗,

∂(aT u⃗)

∂u⃗
= a,

where a and u⃗ are column vectors, and X is a symmetric matrix.
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Therefore we obtain a constant gain state feedback controller.

uk = −Kxk

K =
[
Im 0m . . . 0m

]
(ΦT Q̄Φ+ ρImN )−1ΦT Q̄Λ

Not surprisingly, the above control law is equivalent to that provided by a finite-horizon Linear
Quadratic Regulator (LQR). We note that LQR with an infinite horizon is often preferable, since
the resulting control law is time-invariant. An example will be given in Section 5.

For systems with linear dynamics, but where inputs or states are constrained to belong to convex sets,
MPC optimisation problems with a quadratic cost can be cast as quadratic programmes. The latter can
be tackled using efficient optimisation routines, for details see, e.g., [4, 6]. Such a scenario is explored
in Section 5.

4 Stability Analysis (optional)

We will return to the general formulation of Section 2 and show how the cost function can be designed
to ensure attractivity of the origin, i.e.4

∀x0 ∈ Rn, lim
k→∞

∥xk∥ = 0

Assumptions

1. The cost function terms satisfy:

F (0) = 0, F (x) ≥ 0, ∀x ∈ X = Rn,

L(0, 0) = 0, L(x, u) ≥ α(∥x∥),

where α(·) is a monotonically increasing function and satisfies α(0) = 0, lims→∞ α(s) =∞.

2. There exists a control law κf : Rn → U which stabilises the system f , in a sense that, using the
cost function terms it ensures that

F (f
(
x, κf (x)

)
≤ F (x)− L(x, κf (x))

The above two assumptions ensure that the origin is attractive for the artificial system5

xk+1 = f
(
xk, κf (xk)

)
(6)

This raises the question on whether the use of MPC, xk+1 = f
(
xk, κ(xk)

)
, also ensures attractivity of

the origin?

4For a more careful and thorough treatment, see [9].
5This can be shown by considering F (·) as a Lyapunov function for (6).
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In fact, it turns out that if these assumptions are satisfied, then the origin (x = 0) is also attractive,
when MPC is used.6 This can be established as follows: Let us consider the sequence of optimal costs:

Vk ≜ J(xk, u⃗
∗
k), k ∈ N0

where, as before

u⃗∗k =


u∗k|k
u∗k+1|k

...
u∗k+N−1|k

 ∈ UN , U ⊂ Rm

We also denote the associated (optimal at time k) state trajectory via

x⃗∗k =


x∗k+1|k
x∗k+2|k

...
x∗k+N |k


Note that:

u⃗∗k+1 =


u∗k+1|k+1

u∗k+2|k+1
...

u∗k+N |k+1

 ,

and typically, we have u∗k+1|k ̸= u∗k+1|k+1.

We shall show that {Vk}, k ∈ N0 is non-increasing. For that purpose, note that, due to optimality, we
have

Vk+1 ≤ J(xk+1, u⃗
0), ∀u⃗0 ∈ UN .

In particular, let us choose

u⃗0 =


u∗k+1|k
u∗k+2|k

...
u∗k+N−1|k

u0

 where u0 = κf (x
∗
k+N |k)

6Note that Assumption 2 poses a requirement on how to choose the cost function.
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This suboptimal sequence is formed by reusing outcomes of the optimisation at time k, which led to
Vk. This choice allows us to compare Vk with J(xk+1, u⃗

0). Note that, by definition,

Vk = J(xk, u⃗
∗
k) = L(xk, u

∗
k|k) + L(x∗k+1|k, u

∗
k+1|k) + . . . + L(x∗k+N−1|k, u

∗
k+N−1|k) + F (x∗k+N |k)

Implementation of the first element of the optimiser u⃗∗k leads to the state value

x∗k+1|k = f(xk, u
∗
k|k)

Thus, the state sequence associated to u⃗0 is given by

{f(xk, u∗k|k), x∗k+2|k, . . . , x∗k+N |k, f
(
x∗k+N |k, κf (x

∗
k+N |k)

)
}

Direct calculations show that

J(xk+1, u⃗
0) = J(x∗k+1|k, u⃗

0)

= L(x∗k+1|k, u
∗
k+1|k) + L(x∗k+2|k, u

∗
k+2|k) + · · ·+ L(x∗k+N |k, u

0) + F
(
f(x∗k+N |k, u

0)
)

+
(
L(xk, u

∗
k|k) + F (x∗k+N |k)− L(xk, u

∗
k|k)− F (x∗k+N |k)

)
= Vk − L(xk, u

∗
k|k)− F (x∗k+N |k) + L

(
x∗k+N |k, κf (x

∗
k+N |k)

)
+ F

(
f(x∗k+N |k, κf (x

∗
k+N |k))

)
where u0 = κf (x

∗
k+N |k) and in the 2nd step we have added the

(
L(xk, u

∗
k|k)+F (x∗k+N |k)−L(xk, u

∗
k|k)−

F (x∗k+N |k)
)
= 0.

Using Assumption 2, we have −F (x) + L(x, κf (x)) + F (f(x, κf (x)) ≤ 0, and thus

J(xk+1, u⃗
0) ≤ Vk − L(xk, u

∗
k|k)

Since Vk+1 ⩽ J(xk+1, u⃗
0), we conclude that Vk+1 ⩽ Vk − L(xk, u

∗
k|k)

Assumption 1 gives F (x) ≥ 0, L(x, u) ≥ 0, and −L(x, u) ≤ −α(||x||), which implies

0 ⩽ Vk+1 ⩽ Vk − α(||xk||)

As a consequence, the sequence {Vk}, k ∈ N is non-increasing and bounded from below. Therefore {Vk}
converges as k →∞.

Consequently,
lim
k→∞

α(||xk||) = 0⇒ lim
k→∞
||xk|| = 0.

This establishes the desired stability result.
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Linear quadratic control with finite set inputs

As a special instance, consider{
L(x, u) = xTQx+ uTRu, Q > 0, R ⩾ 0
F (x) = xTQFx

The plant mode is given by f(x, u) = Ax+Bu, where u is restricted to belong to the finite set

U =
{
S1, S2 . . . , SG

}
; S1 . . . SG ∈ Rm, 0 ∈ U.

This class of controller can be used, e.g., for power conversion [7]; Heating, ventilation, and air condi-
tioning systems; source coding (A/D conversion), etc.

If we choose R = 0 and QF as a solution to the Lyapunov equation7

ATQFA+Q = QF , (7)

then MPC stabilises this non-linear system. In fact, Assumption 1 is clearly satisfied, since

F (x) = xTQFx ⩾ 0 L(0, 0) = 0
F (0) = 0 L(x, u) ⩾ xTQx ⩾ λmin(Q)︸ ︷︷ ︸

>0

xTx = λmin(Q)||x||2

Thus, we can take α(s) = λmin(Q)s2

To verify Assumption 2, we choose κf (x) = 0, ∀x ∈ Rn. This provides

F
(
f(x, κf (x))

)
= F (Ax) = (Ax)TQF (Ax) = xTATQFAx = xT (QF −Q)x

= F (x)− L(x, κf (x))

We conclude that, if MPC is used and QF is chosen as per (7), then xk → 0 as k →∞.

5 Case Study: Vehicle Platooning (optional)

Autonomous vehicle platooning permits road vehicles to travel very close together increasing road
capacity while reducing vehicle energy use. Standard Cruise Control design operate only using on board
information to maintain a vehicle at a set velocity. Adaptive Cruise Control uses on board sensors to
measure the distance and velocity of a predecessor vehicle from a follower vehicle to maintain either a
desired velocity or safe distance between the predecessor and follower vehicles. Adaptive Cruise Control
designs, while often stable in a closed-loop sense, may exhibit the effect known as string instability.

String instability occurs when a disturbance on a vehicle is amplified through other vehicles in the
platoon [3]. Such a disturbance could be the result of a pedestrian stepping out onto the road causing

7Note that this requires that A be a stable matrix
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a driver to brake. To achieve string stability, a more complicated control design is required. This
could involve a nonlinear inter-vehicle spacing policies, utilising information from other vehicles in the
platoon, or incorporating future control action. Cooperative Adaptive Cruise Control designs utilise
inter-vehicle communication to share measurements, state information, and intended control actions
with other vehicles in the platoon.

In the below, we will investigate a follower control design where state information and control actions
are reliably shared with the follower vehicle. The approach below designs the control action at each
follower vehicle only taking into account the control action of the predecessor vehicle. An alternative
approach is to jointly design the control action of every vehicle using the aggregated “platoon state,”
that combines the states of all vehicles, see [5].

Single dimension vehicle dynamics

The one-dimensional forward acceleration of a vehicle-i as a function of the control action is often
modelled with a first order filter

ai(s) =
1

τis+ 1
ui(s)

where ai(t) is the acceleration and τi is the mechanical actuation lag. The mechanical actuation lag τi
describes the time delay between a change in the desired control action and the change in response in
the vehicle. This is a simple modelling technique to represent the time delay resulting from both the
engine and the braking systems. Often we consider a homogeneous platoon where all vehicles have the
same actuation lag τ = τi, particularly when the platoon design is intended to have a similar style of
vehicle. For a standard passenger vehicle the lag is approximately τ ≈ 1.5.

Taking the inverse Laplace transform, we can find that the time domain vehicle state can be described
by the following integrator model

ṗi(t) = vi(t)

v̇i(t) = ai(t)

ȧi(t) = −
1

τ
ai(t) +

1

τ
ui(t)

where pi(t) is the position and vi(t) is the velocity.

Let the continuous time state be xi(t) = [pi(t), vi(t), ai(t)]
T, then the dynamics can be written as:

ẋi(t) = Acxi(t) +Bcui(t)

where

Ac =

0 1 0
0 0 1
0 0 −1/τi

 and Bc =

 0
0

1/τi


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Many vehicle platoons designs use this model, or a reduced integrator model of only position and
velocity.

This model be converted to discrete-time as many controllers are typically implemented in discrete-
time, such as MPC. The state and control actions are indexed by the discrete-time step k where the
real time t = kTs with sampling period Ts. We write the state in discrete time as xi,k = [pi,k, vi,k, ai,k]

T

to give the discrete-time dynamics

xi,k+1 = Axi,k +Bui,k + wi,k

We can convert to discrete-time byA = exp(AcTs) andB =
∫ Ts

0 exp(Acm)dmBc, which can be efficiently
computed by [1]: [

A B
0 I

]
= exp

([
Ac Bc

0 0

]
Ts

)

Follower control design

We seek to control the inter-vehicle distance between two vehicles by controller the follower vehicle
using an LQR control design. Let us assume that the state and control action of the predecessor vehicle
is exactly known to the follower vehicle.

Let us write the error or difference between two vehicles (vehicle-i−1) and the follower vehicle (vehicle-i)
over time

ei,k = xi−1,k − xi,k.

We will use this error signal to design our follower controller.

Using the discrete-time state-space dynamics, let us derive the dynamics of the error signal.

Start with the error at time k + 1 and use the vehicle dynamics

ei,k+1 = xi−1,k+1 − xi,k+1

= Axi−1,k +Bui−1,k + wi−1,k −Axi,k −Bui,k − wi,k

= A(xi−1,k − xi,k) +B(ui−1,k − ui,k) + wk

= Aei,k +Būk + wk

where wk = wi−1,k − wi,k and ūi,k = ui−1,k − ui,k. Fortunately, by assumption that the vehicles have
the same dynamics, the error signal also has the same dynamics.

The control action for the follower vehicle-i is the combination of the known control action ui−1,k of
the predecessor vehicle-i− 1 and the control action ūi,k to reduce the error signal signal ei,k:

ui,k = ui−1,k − ūi,k.

The control action of the lead vehicle u1,k is an exogenous input to the system.

We will explore how to design the error signal control action ūi,k.
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LQR cost function design

We start with infinite horizon LQR design. Let us write a cost function of the state at the current
time8 k to penalise the quadratic error between the two vehicles to a given distance and the quadratic
control action:

J(ei,k, ūi,k) =
∞∑
ℓ=0

q1(pi−1,k+ℓ − pi,k+ℓ − p⋆)2 + q2(vi−1,k+ℓ − vi,k+ℓ − v⋆)2

+ q3(ai−1,k+ℓ − ai,k+ℓ − a⋆)2 +Rū2i,k+ℓ

where p⋆, v⋆, and a⋆ are the desired inter-vehicle distance, velocity, and acceleration , and q1, q2, and
q3 are the penalty on the position difference, velocity difference, and acceleration difference, and R is
the penalty on control actions.

Our cost function can be written in the convenient form

J(ei,k, ūi,k) =

∞∑
ℓ=0

(ei,k+ℓ − e⋆)TQ(ei,k+ℓ − e⋆) + ūTi,k+ℓRūi,k+ℓ

where e⋆ is a reference vector e⋆ = [p⋆, v⋆, a⋆]T and Q is a diagonal matrix Q = diag{q1, q2, q3}.

The optimal control action is
ū⋆i,k = −K(ei,k − e⋆)

where the optimal gain is K and S is the solution to the discrete-time algebraic Riccati equation:

K = (R+BSBT)−1BTPA

S = ATSA−ATSB(R+BSBT)−1BTSA+Q.

The control action on vehicle-i is then

ui,k = ui−1,k +K(ei,k − e⋆).

Numerical illustration

Let us quickly consider a numerical illustration of three vehicles. We consider a mechanical actuation
lag of τ = 1.5. We define our reference as e⋆ = [1, 0, 0]T, and cost as Q = diag{100, 1, 1} and R = 10−3.

Figure 6 shows the difference in position between the vehicles (left: with the difference between vehicle-1
and-2 in blue, and difference between vehicle-2 and-3 in yellow) and velocities (right: vehicle 1 in blue,
2 in yellow, 3 in green). Inspecting the simulation output we observe that difference between vehicles-2
and-3 becomes negative. Vehicle-3 crashes into vehicle-2! Additionally, vehicle-2 will reach a velocity
of over 40 m/s (144 km/h), while vehicle-3 reaches over 80 m/s (288 km/h), which are absurd speeds.

8For simplicity we have used a simplified subscript notation. The notation should be the prediction at time k+ ℓ given
the state at time k or k + ℓ|k.
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Figure 6: Numerical illustration of a platoon of three vehicles.

From this numerical illustration, as a control designer we would be concerned about inter-vehicle dis-
tance safety, legal velocity limits, and vehicle actuation limits.

Model Predictive Control

In MPC we utilise our mathematical model to predict the state into the future to decide our control
actions. By inspecting these predictions of the state, we can identify if our choice of control action
sequence through the dynamics will result in the state moving into an unsafe or undesired region.
We can directly include constraints on both the state and control action as part of the control action
optimisation process, so that control decisions now can prevent a future issue.

To illustrate, we now refine our control design from above. We start by taking our infinite horizon
cost function from our LQR implementation and write as a finite horizon cost function. We introduce
reasonable state constraints, before computing our optimal control action that both minimises the cost
function and satisfies the constraints.

We recall that vehicle-i have the dynamics

xi,k+1 = Axi,k +Bui,k

and the inter-vehicle error model has the form

ei,k+1 = Aei,k +Bui−1,k −Bui,k
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then state predictions are explicitly given by:

xi,k+ℓ|k = Aℓxi,k +

ℓ−1∑
j=0

Aℓ−j−1Bui,k+j|k

ei,k+ℓ|k = Aℓei,k +

ℓ−1∑
j=0

Aℓ−j−1Bui−1,k+j|k −Bui,k+j|k.

It is convenient to define

e⃗i,k =

 ei,k+1|k
...

ei,k+N |k

 , x⃗i,k =

xi,k+1|k
...

xi,k+N |k

 , and u⃗i,k =

ui,k+1|k
...

ui,k+N |k


so that

x⃗i,k = Λxi,k +Φu⃗i,k, (8)

e⃗i,k = Λei,k +Φu⃗i−1,k − Φu⃗i,k, (9)

where:

Φ =



B 0 . . . . . . 0
AB B

A2B AB . . . . . .
...

...
...

...
...

...
...

...
...

... 0
AN−1B . . . AB B


and Λ =


A
A2

...
AN

 .

Cost function design

Let us write a finite horizon cost function of the state at the current time9 k to penalise the quadratic
error between the two vehicles to a given distance and the quadratic control action:

J(ei,k, u⃗) =
N−1∑
ℓ=0

(
(ei,k+ℓ − e⋆)TQ(ei,k+ℓ − e⋆) + ūTi,k+ℓRūi,k+ℓ

)
+ (ei,k+N − e⋆)TQ(ei,k+N − e⋆)

where e⋆, Q, and R are as above. The design of the cost function is inspired by our infinite horizon
cost function.

9Again, for simplicity we have used a simplified subscript notation. The notation should be the prediction at time k+ ℓ
given the state at time k or k + ℓ|k.
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Let us define e⃗⋆ ≜ [(e⋆)T . . . (e⋆)T]T. Our cost function can then be rewritten as

J(ei,k, u⃗) = (e⃗i,k − e⃗⋆)TQ̄(e⃗i,k − e⃗⋆) + u⃗Ti,kR̄u⃗i,k + (ei,k − e⋆)TQ(ei,k − e⋆)

= (Λei,k +Φu⃗i−1,k − Φu⃗i,k − e⃗⋆)TQ̄(Λei,k +Φu⃗i−1,k − Φu⃗i,k − e⃗⋆)

+ u⃗Ti,kR̄u⃗i,k + (ei,k − e⋆)TQ(ei,k − e⋆)

= u⃗Ti,k(Φ
TQ̄Φ+ R̄)u⃗+ 2u⃗T(−Φ)TQ̄(Λei,k +Φu⃗i−1,k − e⃗⋆)

+ (Λei,k +Φu⃗i−1,k − e⃗⋆)TQ̄(Λei,k +Φu⃗i−1,k − e⃗⋆) + (ei,k − e⋆)TQ(ei,k − e⋆),

where Q̄ ≜ diag(Q, . . . , Q) and R̄ ≜ diag(R, . . . , R).

To obtain our optimal control action u⃗, we seek to minimise J with respect to the state and control
constraints.

Constraints

To avoid vehicles in our platoon crashing into each other, we select a minimum inter-vehicle difference
of pmin = 3m. To obey road rules, we select a minimum velocity of vmin = 0m/s (no reversing!) and
maximum velocity vmax = 25m/s. For passenger comfort we permit an absolute acceleration of 8m/s2.
At most the engine and gearbox can output a maximum forward acceleration of 3m/s2 and the braking
systems saturates at −6m/s2. We want to apply these state and control constraints at every time step.

We want to choose control actions at time k that ensure that the future state xi,k+ℓ|k or inter-vehicle
state ei,k+ℓ|k for all ℓ = 0, . . . , N in the finite horizon remains within the constraints pmin ≤ pi−1,k+ℓ|k−
pi,k+ℓ|k ≤ pmax, vmin ≤ vi,k+ℓ|k ≤ vmax, amin ≤ ai,k+ℓ|k ≤ amax and the control actions umin ≤ ui,k+ℓ|k ≤
umax.

Consider the minimum distance constraint applying at each time in the finite prediction horizon pi−1,k+1|k − pi,k+1|k
...

pi−1,k+N |k − pi,k+N |k

 ≥
pmin

...
pmin


p⃗i,k ≥ pmin1N

1N ⊗

10
0

 e⃗i,k ≥ pmin1N .

where 1N is a column vector of size N × 1, and p⃗i,k is a column vector of the position differences, and
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⊗ is the Kronecker product10. We next apply the prediction model (9)

pmin1N ≤ 1N ⊗

10
0

 e⃗i,k

pmin1N ≤ 1N ⊗

10
0

 (Λei,k +Φu⃗i−1,k − Φu⃗i,k)

1N ⊗

10
0

Φu⃗i,k ≤ 1N ⊗

10
0

 (Λei,k +Φu⃗i−1,k)− pmin1N .

Now consider the maximum distance constraint applying at each time in the finite prediction horizon pi−1,k+1|k − pi,k+1|k
...

pi−1,k+N |k − pi,k+N |k

 ≤
pmax

...
pmax


p⃗i,k ≤ pmax1N

1N ⊗

10
0

 e⃗i,k ≤ pmax1N

1N ⊗

10
0

 e⃗i,k ≤ pmax1N

1N ⊗

10
0

 (Λei,k +Φu⃗i−1,k − Φu⃗i,k) ≤ pmax1N

−1N ⊗

10
0

Φu⃗i,k ≤ −1N ⊗

10
0

 (Λei,k +Φu⃗i−1,k) + pmax1N .

The minimum velocity constraint applying at each time in the finite prediction horizon can be incor-

10The Kronecker product of two matrices produces A⊗B =

a1,1B . . . a1,M

...
. . .

aN,1B . . . aN,MB

 where ai,j is the element of matrix

A in row i column j.
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porated as follows:  vi−1,k+1|k − vi,k+1|k
...

vi−1,k+N |k − vi,k+N |k

 ≥
vmin

...
vmin


v⃗i,k ≥ vmin1N

vmin1N ≤ 1N ⊗

01
0

 x⃗i,k

vmin1N ≤ 1N ⊗

01
0

 (Λxi,k +Φu⃗i,k)

−1N ⊗

01
0

Φu⃗i,k ≤ 1N ⊗

01
0

Λxi,k − vmin1N

Now consider the maximum velocity constraint applied at each time in the finite prediction horizon vi−1,k+1|k − vi,k+1|k
...

vi−1,k+N |k − vi,k+N |k

 ≤
vmax

...
vmax


v⃗i,k ≤ vmax1N

1N ⊗

01
0

 x⃗i,k ≤ vmax1N

1N ⊗

01
0

 (Λxi,k +Φu⃗i,k) ≤ vmax

1N ⊗

01
0

Φu⃗i,k ≤ −1N ⊗

01
0

Λxi,k + vmax1N

The same can be done for the acceleration, readily to:

−1N ⊗

00
1

Φu⃗i,k ≤ 1N ⊗

00
1

Λxi,k − amin1N

1N ⊗

00
1

Φu⃗i,k ≤ −1N ⊗

00
1

Λxi,k + amax1N .
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The control action constraints are given by:

−IN u⃗i,k ≤ −umin1N

IN u⃗i,k ≤ umax1N ,

where IN is the identity matrix of size N .

All of the constraints can be written together in the form Ainu⃗i,k ≤ Bin

1N ⊗

10
0

Φ

−1N ⊗

10
0

Φ

−1N ⊗

01
0

Φ

1N ⊗

01
0

Φ

−1N ⊗

00
1

Φ

1N ⊗

00
1

Φ

−IN
IN



u⃗i,k ≤



1N ⊗

10
0

 (Λei,k +Φu⃗i−1,k)− pmin1N

−1N ⊗

10
0

 (Λei,k +Φu⃗i−1,k) + pmax1N

1N ⊗

01
0

Λxi,k − vmin1N

−1N ⊗

01
0

Λxi,k + vmax1N

1N ⊗

00
1

Λxi,k − amin1N

−1N ⊗

00
1

Λxi,k + amax1N

−umin1N
umax1N



Obtaining the optimal control action

To obtain the optimal control action u⃗⋆k we minimise J(ei,k, u⃗i,k) with respect to u⃗i,k. In the above this
was done by taking the partial derivative and evaluating at 0. However, this approach did not include
the constraints, which now appear as a hyper-plane in the cost function [6].

We note in the cost function at time k the quadratic term associated with ei,k and u⃗i−1,k is constant
with respect to u⃗i,k. Thus in a minimisation routine this term has no impact. We could alternatively
write the cost function as

J(ei,k, u⃗i,k) = u⃗Ti,k(Φ
TQ̄Φ+ R̄)u⃗+ 2u⃗T(−Φ)TQ̄(Λei,k +Φu⃗i−1,k − e⃗⋆). (10)

This is in the form of a convex function, where we could write

J(u⃗i,k) = u⃗Ti,kHu⃗i,k + u⃗Tf.
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Many convex optimisation solvers, including quadratic program solvers, permit the minimisation of the
function with respect to the free variable subject to constraints:

min
u⃗i,k

J(u⃗i,k)

such that Ainu⃗i,k ≤ Bin and Aequ⃗i,k = Beq

Numerical illustration

Let us quickly consider a numerical illustration of three vehicles. We consider a mechanical actuation
lag of τ = 1.5. We define our reference as e⋆ = [1, 0, 0]T, and cost as Q = diag{100, 1, 1} and R = 10−3.
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Figure 7: Numerical illustration of a platoon of three vehicles using MPC.

Figure 7 shows the position difference and velocity of three vehicles where the follower vehicles are
using the constrained MPC. Note that the vehicles do not impact on the predecessor vehicle and the
velocity remains constrained at the maximum velocity.
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